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An approximation to Einstein’s field equations in the Arnowitt-Deser-Misner canonical formalism is pre-
sented, which corresponds to the magnetohydrodynamics approximation in electrodynamics. It results in
coupled elliptic equations which represent the maximum of elliptic-type structure of Einstein’s theory and
naturally generalizes previous conformal-flat truncations of the theory. The Hamiltonian, in this approximation,
is identical with the nondissipative part of the Einsteinian one through the third post-Newtonian order. The
proposed scheme, where stationary spacetimes are exactly reproduced, should be useful to matistioct
initial data for general relativistic simulations as well as to model astrophysical scenarios, where the gravita-
tional radiation reaction can be neglected.
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I. INTRODUCTION II. EINSTEIN'S THEORY IN THE ARNOWITT-DESER-
MISNER FORMALISM

In electrodynamics, to model quasistationary scenarios In the Arnowitt-Deser-MisnefADM ) formulation of gen-
accurately, it is customary to drop the Maxwell displacemengral relativity, the spacetime line element in the+(B) de-
current in the Maxwell-Ampee law of Maxwell’s equations. composed form is given by
This approximation is often referred to as the magnetohydro-

dynamics(MHD) approximation as it is mainly implemented ds?= — a®c?dt?+ y;;(dX + B'cdt) (dX + Slcdt)
in MHD computations dealing, mostly, with astrophysical
plasmas. A strictly analogous approximation to Einstein’s (i,j=1,2,3 (1)

general relativity should prove very useful to model nonsta-
tionary situations involving relativistic self-gravitating sys-

ter?s.E_ in's th ¢ ity th ¢ 1 . induced metric on a three-dimensional spatial si¢e), pa-
n Einstein’s theory of gravity, the conformal-flat approxi- ., e rizeq by the time coordinate and ¢ the velocity of

mations played a major role within numerical relativity aSjight. The three-metric and its canonical conjugate
they resulted in simple elliptic equatiof]. However, in the (c3/167G) ', which is a contravariant symmetric tensor

past, it was pointed out that these approximations are rath‘?fensity of weight+ 1, satisfy the Hamiltonian and momen-
crude for highly nonspherical objects such as rotating diskg,m constraint$10]

of dust or compact binary system2,3]. Therefore, in the

following, we shall propose an elliptic-type approximation

which goes far beyond conformal-flat schemes. Whereas YY2R=

conformal-flat slices do not exist under stationarity condi- 242

tions [4,5], in the new approach Einstein stationarity is re-

produced exactly. In a post-Newtonian setting, the new ap- 167G

proach, in general, does not reproduce all even-order post- —277{ ,—+7Tk'7k| iz—yl’ZaT?, (3)

Newtonian termgof course, the odd terms are not part of the ’ ’ c?

new approach beyond the second post-Newtonian order.

However, at the third post-Newtonian order of approxima-where R is the curvature scalar®(t), y the determinant of

tion, it still gives the equations of motion, derivable from the Yii 773 = %.kwik, andm=]. T andTiO are the components

full Einstein theory[6,7]. We observe that the very recently of the unspecified four-dimensional stress-energy tensor for

proposed gravitoanelastic approximation is quite differenthe matter,T#”. The canonical conjugate’ is related to

from our minimal no-radiation approximation, especially for Ki; , the extrinsic curvature cE(t), by il = — YUyl yIm

the choice of the dropped and the kept time derivatives in the- 'l /™K .,, wherey' is the inverse metric of;; . In the

evolution equationg8]. Our approximation also results in above equations, a partial derivative is denoted by a comma,

elliptic equations, which should be solvable employingandG is the Newtonian gravitational constant. We note that

LORENE, a highly efficient numerical library, based on spec-the more familiar form for the left hand side of E(B),

tral methods, developed by the Meudon gr¢@p namely,a-r{“ , where| stands for the three-dimensional cova-
riant derivative, is expanded as| ;— 37y ;, using the
fact that+/ is a mixed tensor density of weight 1. The

*Electronic address: G.Schaefer@tpi.uni-jena.de three-metric and its canonical conjugate evolve in accor-
TElectronic address: A.Gopakumar@tpi.uni-jena.de dance with the following evolution equatiohs0]:

where « is the lapse functiong' the shift vector,y;; the

o 167G
(277}77{—772)-1- o 7/1/2a2T00, (2
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ij 1 i _ i 1 ij m_n 2 TT c* 3 TT_j
T 0T T Y (2RI =y R)"‘Z“Y Y Qmy =) H[Vwm . hj vﬂ-TT]:_Zﬂ_G d*x Ay{Vu ,hyj 7,

o - N . 11
_a,,y*l/2(2,n_lm,n_='n_ 7777")+‘yl/2(a"J—'y”a‘m‘m) (11

o s O whereV,, denotes thénonspecifiedl matter variables. If the
+(7T”:8m)|m_ijﬂl|m_77mlﬁl\m M p

matter system consists of black holes, the matter variables

847G V in our paper enter via boundary conditions at the appar-
+—— ayylyimT, (4) ent horizons and at spacelike infinity. B
c* Equationg6) and(7) result in the covariant trace af'! of

the form m==h{". Taking into account the space-
and asymptotic propertiest'! ~1/? and h{j’~1/, the gauge
1 condition Eq.(6) turns out to mean asymptotic maximal slic-
Yijo=ay 2w = yijm)+ Bijt Bjji (5 ing. The gauge conditions Eg&) and (7), or (8), are very
close to the well-known Dirac gauge conditions. For ex-
where R; is the Ricci tensor associated wi(t). In this  ample, the condition, given by E¢g), is identical with the

paper, we raise and lower indices on three-dimensional obcorresponding Dirac gauge condition to linear orderyjp

jects with ! and y;; , respectively. Py
The ADM coordinate conditions which generalize the iso- T

. : : he functionsy and ', and hencer'l, are determined
tropic Schwarzschild metric read v 7

using the Hamiltonian and momentum constraints, given by
Egs.(2) and(3), by elliptic equations. The elliptic equations
for the (scala¥ lapse @ and the(vecton shift functions '
result from the Eqs4) and(5), applying the coordinate con-
dHitions Eqs.(6) and (7), respectively. The explicit Poisson-
ntype equations forr and 8' can be derived from

=0, (6)

where, and from here onward, repeated covariant or contr

variant indices imply the usage of the Einstein summatio

convention and

,yij:lpAé\ij_’_hi'I}T, (7) ’y“almlm—a|“=—a(RII—?IIR?—Zay 17T|m’7T|m
_ 2’)’_1/2’7T|m,3| i

where ¢ is a conformal scalar andhﬁT the transverse- G

tracelesgTT) part of the three-metrig;; with respect to the ™ i im i 2-0

Euclidean three-metri@;; . By deﬁniticJJn,hﬁT satisfiesh;" * ct (¥ M= " a®T%),

=hj;|;=0. The restrictiorh/"=0 gives a simple expression

for the three-dimensional curvature scalary'”R (12

=—8y Ay, whereA stands for the three-dimensional Eu-

clidean Laplacian. The differential equation, used for gaug

fixing v;;, reads

where use has been made of E2). The elliptic equation for
%‘ results from

2
3%~ 7i,i=0. 8 (Bi\j),j"_(ﬁj\i),j_§(,8j\j),i:_[a771/2(277ij_7ij77)],j
Taking into account the gauge condition fe¥, namely, Eq. 1
(6), the following decomposition can be achieved: + §[ay*1’2(27-r“ — ;]
il =7+ 7T¥T, 9 (13

The functionsh;" and 71 in general follow from the evo-
lution equations, given by Eqél) and(5). Alternatively,h/"
and 7'}y may be obtained from the Hamiltonian E41), via
the corresponding Hamilton equations.

where 77l denotes the longitudinal part of'!. It may be
expressed as

w=al =28 (10)
Ill. THE MINIMAL NO-RADIATION APPROXIMATION

which implies Wil;js}il;j:AwijL%W{’j , suggesting that Eq. Motivated by the MHD approximation in electrodynam-
(3) can be used to compute an elliptic equation #r The ics, a minimal truncation of the Einstein theory, in view of
TT part o), namely, 6/16wG) i, is the canonical con- Suppressing radiation emission, is achieved by puttinty
jugate toh[", which gives the independent field degrees ofthe TT part for the evolution equation far”, given by Eq.
freedom. The Hamiltonian, which generates the time evolu{4). t0 zero. The TT part of Eq4) may be denoted as

tion of the independent degrees of freedom of the system . .

(matter plus gravitational fie)dis given by[10] Tiro=Atr, (14
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where All,=A —All | The expression foA', obtainable SH
from the right-hand side of Ed4), after using the Hamil- —==0. (21)
tonian constraint equation, reads ohj

All= — gy VARl — YiR) = ay V27l — il

m

The dropping ofn%o exactly corresponds to the dropping of
the displacement current @{JE/dt) in the Maxwell-
12 fij _ ~jj o, Im ij pmy, _ _mjpi Ampere equation of electrodynamics. This is so SIR€E is
+yal -~y m) T B = T the?nomeqntum conjugate inythe Hamiltonian formulation of
. 8#G o B electrodynamics. However, this is not quite the way the
— "Bt — ey (Y YT 1 a?T). MHD-like approximation to general relativity is imple-
c mented in(8], as they imposay\;=0 in their scheme. In the
(15) post-Newtonian approximation, their scheme will not gener-
ate the correct leading order expression 4. Moreover,
The longitudinal part oA, namely,A', may be written in  the dynamics associated with their approximation will coin-
terms of a vectoN' as cide with the Einsteinian one through second post-
Newtonian order only.
-~ , , It is obvious that stationary spacetimes are reproduced
Al =Vi+V— §5iij,m (16)  exactly in our approximation. The constraint and the evolu-
tion equations, given by Eq$2), (3), (4), and (5), still de-
which satisfies terminey, 7', a, andg', respectively, through elliptic equa-
tions. Moreover, Eq(18) definesh;j", which describes the
1 - independent field degrees of freedom, through an elliptic
AV'+ §VJ =AY (17)  equation[see Eq(3.83 in [6] for more detail} In addition,
the longitudinal part ofr" ,, defined viaV', can be deter-
mined through an elliptic equation fof, given by Eq.(17).
The remaining quantities!; should be determined, solely
algebraically, using the evolution equation fgg, given by

The elliptic equation that determindg,’, derivable using
the conditionA;=0, reads

172 Eq. (5), in the following manner. Let us write E@5) in the
2YRij=———i an[A:_n_(Wmﬂm)|m+ 7Bt anﬁim] form
Yij.0=Bij (22)
+'yij(277nm77nm— 772)—47Tim7'rjm+27777ij 0.0
where
2y 167G o
+7(0‘“;'—%1“‘"\%)*TV(TM%J-&ZTOO)- Bij=ay YA 2m;—yijm) +Biji+ Bji - (23)
19 Using the definition ofy;; given by Eq.(7), we obtain
1
The left-hand side of the above equation, which introduces hijo=Bjj— §Bll5ij , (24)
the Laplacian foih/;", takes the form .
where By =3(y™"y™") "1(B" - y"'y*nh[y) with B" given
2R =— X [AD[T+A(y*) 8+ (%) 4] by —ay Y2y 7w+ 2. Using these equations:; follows
in terms ofh',, the only time derivative appearing in the
ANTT TTKTT ij,01
(g = heidm) Vi + ik = Vi it = Vi ki) minimal no-radiation approximation, given by
+ 2y YTl pki—Tnii T o) (19 Y12

71_I_IJ__l_: _';Tij _ TCijlk[ﬁllk_ ﬂmlm,yln,ykn( ,ypq,ypq)—l]

wherex®=y8—1hThIT and where the Christoffel symbols

I'; jx are given by%(yij,kJr Yik,j~ Yjk.i)- For the derivation 1z -
of Eq. (19), we have also used the relatiom) = x®8;; +EC”'k[7lm7k"— ARt e Gl ELEE) I | AP
—¢*hfiT+hiThi] [6]. In terms of a functionp, vanishing at
spacelike infinity,;y may be given by (& ¢/8). (25
~ In the Hamiltonian formulation, the present approxima-yhereCiik s the inverse matrix of the matrix
tion to Einstein’s equations is identical with the replacement
of only the evolution equation 4,1
Cijic =518 5k + dik I
ij 16mG 6H ij in.jn.m pa. Py~ 1\KWTT
TS T T T (20) = (Y =YY YPIPD T (26)
i
Notice that the matriﬁ%],ﬁ deviates from the unit matrix in

which is the TT part of Eq(4), through the quadratic order diﬁ( only. For the maximal slicing con-
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dition 0=y'K;; =7y Y42, the resultingC;;;; would be a c3 y
. . o ! ilk TT TT _ T
unit matrix when applied to symmetric tensors. R[Vwm,hij (V) hij ol Vm) ]=H— 16’7TGJ d*xarich{s.
The internal consistency of the proposed approach comes (28)

from the fact that only the evolution equations for the true _ o _

field degrees of freedom are affected. This implies, in thdn the stationary casé® and H coincide. For our quasista-

evolution equations for the TT variables, tionary approximation, we also shall take as the Hamil-
tonian. It agrees with the nondissipative part of the Einstein-
ian one through third post-Newtonian order as, e.g., given in

, 167G 6H Ref. [7].
7TIJ - (273) . . CTT - . .
TT.0 ¢t shTT Finally, we point out thah;;" is theonly partial time de-
4 rivative appearing in the coupled elliptic equations, present
in the minimal no-radiation approximation. While employing
¢t SH any iterative procedure to solve our coupled elliptic equa-
hiT = — 27b tions, it should be natural to equate tfia general small
10 167G ij ( ) L TT . . . T
OmTT quantityhj" to zero to obtain the first order solution Itrig

and the rest of the variables involved. During the second

; ; T
if the first equation is solved fdwjj" using Eq.(18), then the ~ Stage %f |';_erat|or(;, r?QTe should rt1hen em%'b&d, comlpu_ted

. i : using the first ordeh;;’ , to get the second order solution to
second equation can be solved fe{; in terms ofhﬁT, as 9 9

ij
, T . haT and other quantijties. In this manner, the iterative proce-

given by Eq.(25). However, puttingh;;' =0 in Eq. (27D gyre may be extended to higher stages. The above procedure

means destroying the Legendre transformation, which is @55 employed, in the post-Newtonian framework, first to

f'u_ndamental property of the physical theory, whereas se'[ti“%omputehF to the second post-Newtonian order, which was

;=0 in Eq. (279 implies a dynamical condition for the employed to computehgT, required at the third post-

extremum(minimum) of energy. Imposindh/i'=0, instead  Newtonian order calculatior].

of solving for it, results in the well-known Wilson-Mathews  This communication will be followed by a detailed article

approach, if7l; is determined through Eq22). We also  [13], where the explicit expressions, in terms of the basic

note that a recent effort, the so-called CF&pproach, which  variables and their spatial derivatives, for the elliptic equa-

tries to improve conformal-flat approximations uses Egstions for ¢,«,', and hET as well as forar' and V' will be

(18) and(25), restricted to the leading post-Newtonian order, presented.

to gethi" and 7 [12]. This approach is identical with the

full Einstein theory through the second post-Newtonian or- ACKNOWLEDGMENTS
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