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Minimal no-radiation approximation to Einstein’s field equations
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~Received 4 November 2003; published 28 January 2004!

An approximation to Einstein’s field equations in the Arnowitt-Deser-Misner canonical formalism is pre-
sented, which corresponds to the magnetohydrodynamics approximation in electrodynamics. It results in
coupled elliptic equations which represent the maximum of elliptic-type structure of Einstein’s theory and
naturally generalizes previous conformal-flat truncations of the theory. The Hamiltonian, in this approximation,
is identical with the nondissipative part of the Einsteinian one through the third post-Newtonian order. The
proposed scheme, where stationary spacetimes are exactly reproduced, should be useful to constructrealistic
initial data for general relativistic simulations as well as to model astrophysical scenarios, where the gravita-
tional radiation reaction can be neglected.
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I. INTRODUCTION

In electrodynamics, to model quasistationary scena
accurately, it is customary to drop the Maxwell displacem
current in the Maxwell-Ampe`re law of Maxwell’s equations.
This approximation is often referred to as the magnetohyd
dynamics~MHD! approximation as it is mainly implemente
in MHD computations dealing, mostly, with astrophysic
plasmas. A strictly analogous approximation to Einstei
general relativity should prove very useful to model nons
tionary situations involving relativistic self-gravitating sy
tems.

In Einstein’s theory of gravity, the conformal-flat approx
mations played a major role within numerical relativity
they resulted in simple elliptic equations@1#. However, in the
past, it was pointed out that these approximations are ra
crude for highly nonspherical objects such as rotating di
of dust or compact binary systems@2,3#. Therefore, in the
following, we shall propose an elliptic-type approximatio
which goes far beyond conformal-flat schemes. Wher
conformal-flat slices do not exist under stationarity con
tions @4,5#, in the new approach Einstein stationarity is r
produced exactly. In a post-Newtonian setting, the new
proach, in general, does not reproduce all even-order p
Newtonian terms~of course, the odd terms are not part of t
new approach! beyond the second post-Newtonian ord
However, at the third post-Newtonian order of approxim
tion, it still gives the equations of motion, derivable from t
full Einstein theory@6,7#. We observe that the very recent
proposed gravitoanelastic approximation is quite differ
from our minimal no-radiation approximation, especially f
the choice of the dropped and the kept time derivatives in
evolution equations@8#. Our approximation also results i
elliptic equations, which should be solvable employi
LORENE, a highly efficient numerical library, based on spe
tral methods, developed by the Meudon group@9#.
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II. EINSTEIN’S THEORY IN THE ARNOWITT-DESER-
MISNER FORMALISM

In the Arnowitt-Deser-Misner~ADM ! formulation of gen-
eral relativity, the spacetime line element in the (311) de-
composed form is given by

ds252a2c2dt21g i j ~dxi1b icdt!~dxj1b j cdt!

~ i , j 51,2,3!, ~1!

where a is the lapse function,b i the shift vector,g i j the
induced metric on a three-dimensional spatial sliceS(t), pa-
rametrized by the time coordinatet, and c the velocity of
light. The three-metric and its canonical conjuga
(c3/16pG)p i j , which is a contravariant symmetric tens
density of weight11, satisfy the Hamiltonian and momen
tum constraints@10#

g1/2R5
1

2g1/2
~2p j

i p i
j2p2!1

16pG

c4
g1/2a2T00, ~2!

22p i , j
j 1pklgkl,i5

16pG

c4
g1/2aTi

0 , ~3!

where R is the curvature scalar ofS(t), g the determinant of
g i j , p j

i 5g jkp ik, andp5p i
i . T00 andTi

0 are the components
of the unspecified four-dimensional stress-energy tensor
the matter,Tmn. The canonical conjugatep i j is related to
Ki j , the extrinsic curvature ofS(t), by p i j 52g1/2(g i l g jm

2g i j g lm)Klm , whereg i l is the inverse metric ofg i j . In the
above equations, a partial derivative is denoted by a com
andG is the Newtonian gravitational constant. We note th
the more familiar form for the left hand side of Eq.~3!,
namely,p i u j

j , whereu stands for the three-dimensional cov
riant derivative, is expanded asp i , j

j 2 1
2 pklgkl,i , using the

fact that p i
j is a mixed tensor density of weight11. The

three-metric and its canonical conjugate evolve in acc
dance with the following evolution equations@10#:
©2004 The American Physical Society01-1
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p ,0
i j 52

1

2
ag1/2~2Ri j 2g i j R!1

1

4
ag21/2g i j ~2pn

mpm
n 2p2!

2ag21/2~2p impm
j 2pp i j !1g1/2~a u i j 2g i j a um

um !

1~p i j bm! um2pm jb um
i 2pmib um

j

1
8pG

c4
ag1/2g i l g jmTlm ~4!

and

g i j ,05ag21/2~2p i j 2g i j p!1b i u j1b j u i , ~5!

where Ri j is the Ricci tensor associated withS(t). In this
paper, we raise and lower indices on three-dimensional
jects withg i j andg i j , respectively.

The ADM coordinate conditions which generalize the is
tropic Schwarzschild metric read

p i i 50, ~6!

where, and from here onward, repeated covariant or con
variant indices imply the usage of the Einstein summat
convention and

g i j 5c4d i j 1hi j
TT , ~7!

where c is a conformal scalar andhi j
TT the transverse-

traceless~TT! part of the three-metricg i j with respect to the
Euclidean three-metricd i j . By definition, hi j

TT satisfieshii
TT

5hi j , j
TT 50. The restrictionhi j

TT50 gives a simple expressio
for the three-dimensional curvature scalar,g1/2R
528cDc, whereD stands for the three-dimensional E
clidean Laplacian. The differential equation, used for gau
fixing g i j , reads

3g i j , j2g j j ,i50. ~8!

Taking into account the gauge condition forp i j , namely, Eq.
~6!, the following decomposition can be achieved:

p i j 5p̃ i j 1pTT
i j , ~9!

where p̃ i j denotes the longitudinal part ofp i j . It may be
expressed as

p̃ i j 5p ,i
j 1p , j

i 2
2

3
d i j p ,m

m , ~10!

which impliesp , j
i j [p̃ , j

i j 5Dp i1 1
3 p i , j

j , suggesting that Eq
~3! can be used to compute an elliptic equation forp i . The
TT part p i j , namely, (c3/16pG)pTT

i j , is the canonical con-
jugate tohi j

TT , which gives the independent field degrees
freedom. The Hamiltonian, which generates the time evo
tion of the independent degrees of freedom of the sys
~matter plus gravitational field!, is given by@10#
02150
b-

-

a-
n

e

f
-
m

H@VM ,hi j
TT ,pTT

i j #52
c4

2pGE d3x Dc@VM ,hi j
TT ,pTT

i j #,

~11!

whereVM denotes the~nonspecified! matter variables. If the
matter system consists of black holes, the matter varia
VM in our paper enter via boundary conditions at the app
ent horizons and at spacelike infinity.

Equations~6! and~7! result in the covariant trace ofp i j of
the form p5p i j hi j

TT . Taking into account the space
asymptotic propertiesp i j ;1/r 2 and hi j

TT;1/r , the gauge
condition Eq.~6! turns out to mean asymptotic maximal sli
ing. The gauge conditions Eqs.~6! and ~7!, or ~8!, are very
close to the well-known Dirac gauge conditions. For e
ample, the condition, given by Eq.~8!, is identical with the
corresponding Dirac gauge condition to linear order ing i j
2d i j .

The functionsc and p i , and hencep̃ i j , are determined
using the Hamiltonian and momentum constraints, given
Eqs.~2! and~3!, by elliptic equations. The elliptic equation
for the ~scalar! lapsea and the~vector! shift functionsb i

result from the Eqs.~4! and~5!, applying the coordinate con
ditions Eqs.~6! and ~7!, respectively. The explicit Poisson
type equations fora andb i can be derived from

g i i a um
um 2a u i i 52a~Ri i 2g i i R!22ag21p impm

i

22g21/2p imb um
i

1
8pG

c4
a~g i l g imTlm2g i i a2T00!,

~12!

where use has been made of Eq.~2!. The elliptic equation for
b i results from

~b i u j ! , j1~b j u i ! , j2
2

3
~b j u j ! ,i52@ag21/2~2p i j 2g i j p!# , j

1
1

3
@ag21/2~2p j j 2g j j p!# ,i .

~13!

The functionshi j
TT andpTT

i j in general follow from the evo-
lution equations, given by Eqs.~4! and~5!. Alternatively,hi j

TT

andpTT
i j may be obtained from the Hamiltonian Eq.~11!, via

the corresponding Hamilton equations.

III. THE MINIMAL NO-RADIATION APPROXIMATION

Motivated by the MHD approximation in electrodynam
ics, a minimal truncation of the Einstein theory, in view
suppressing radiation emission, is achieved by puttingonly
the TT part for the evolution equation forp i j , given by Eq.
~4!, to zero. The TT part of Eq.~4! may be denoted as

pTT,0
i j 5ATT

i j , ~14!
1-2
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where ATT
i j [Ai j 2AL

i j . The expression forAi j , obtainable
from the right-hand side of Eq.~4!, after using the Hamil-
tonian constraint equation, reads

Ai j [2ag1/2~Ri j 2g i j R!2ag21/2~2p impm
j 2pp i j !

1g1/2~a u i j 2g i j a um
um !1~p i j bm! um2pm jb um

i

2pmib um
j 1

8pG

c4
ag1/2~g i l g jmTlm2g i j a2T00!.

~15!

The longitudinal part ofAi j , namely,AL
i j , may be written in

terms of a vectorVi as

AL
i j 5V,i

j 1V, j
i 2

2

3
d i j V ,m

m ~16!

which satisfies

DVi1
1

3
V , j i

j 5A , j
i j . ~17!

The elliptic equation that determineshi j
TT , derivable using

the conditionATT
i j 50, reads

2gRi j 52
2g1/2

a
g i l g jn@AL

ln2~p lnbm! um1p lmb um
n 1pnmb um

l #

1g i j ~2pn
mpm

n 2p2!24p i
mp jm12 pp i j

1
2g

a
~a u i j 2g i j a um

um !1
16pG

c4
g~Ti j 1g i j a

2T00!.

~18!

The left-hand side of the above equation, which introdu
the Laplacian forhi j

TT , takes the form

2gRi j 52x8@Dhi j
TT1D~c4!d i j 1~c4! ,i j #

1~c4hkl
TT2hmk

TThml
TT!~gkl,i j 1g i j ,kl2gk j ,i l 2g i l ,k j!

12ggklgnp~Gn.i l Gp.k j2Gn.i j Gp.kl!, ~19!

wherex85c82 1
2 hmn

TThmn
TT and where the Christoffel symbol

G i . jk are given by1
2 (g i j ,k1g ik, j2g jk,i). For the derivation

of Eq. ~19!, we have also used the relationgg i j 5x8d i j

2c4hi j
TT1hik

TThk j
TT @6#. In terms of a functionf, vanishing at

spacelike infinity,c may be given by (11f/8).
In the Hamiltonian formulation, the present approxim

tion to Einstein’s equations is identical with the replacem
of only the evolution equation

pTT,0
i j 52

16pG

c4

dH

dhi j
TT

, ~20!

which is the TT part of Eq.~4!, through
02150
s

-
t

dH

dhi j
TT

50. ~21!

The dropping ofpTT,0
i j exactly corresponds to the dropping

the displacement current (1/c)(]E/]t) in the Maxwell-
Ampère equation of electrodynamics. This is so since2E is
the momentum conjugate in the Hamiltonian formulation
electrodynamics. However, this is not quite the way t
MHD-like approximation to general relativity is imple
mented in@8#, as they imposehi j ,0

TT 50 in their scheme. In the
post-Newtonian approximation, their scheme will not gen
ate the correct leading order expression forpTT

i j . Moreover,
the dynamics associated with their approximation will co
cide with the Einsteinian one through second po
Newtonian order only.

It is obvious that stationary spacetimes are reprodu
exactly in our approximation. The constraint and the evo
tion equations, given by Eqs.~2!, ~3!, ~4!, and ~5!, still de-
terminec, p i , a, andb i , respectively, through elliptic equa
tions. Moreover, Eq.~18! defineshi j

TT , which describes the
independent field degrees of freedom, through an ellip
equation@see Eq.~3.8a! in @6# for more details#. In addition,
the longitudinal part ofp ,0

i j , defined viaVi , can be deter-
mined through an elliptic equation forVi , given by Eq.~17!.
The remaining quantitiespTT

i j should be determined, solel
algebraically, using the evolution equation forg i j , given by
Eq. ~5!, in the following manner. Let us write Eq.~5! in the
form

g i j ,05Bi j , ~22!

where

Bi j [ag21/2~2p i j 2g i j p!1b i u j1b j u i . ~23!

Using the definition ofg i j given by Eq.~7!, we obtain

hi j ,0
TT 5Bi j 2

1

3
Bll d i j , ~24!

where Bll 53(gmngmn)21(Bll 2g i l g ikhlk,0
TT ) with Bll given

by 2ag21/2g l l p12b l u l . Using these equations,pTT
i j follows

in terms ofhi j ,0
TT , the only time derivative appearing in th

minimal no-radiation approximation, given by

pTT
i j 52p̃ i j 2

g1/2

a
Ci jlk @b l uk2bmumg lngkn~gpqgpq!21#

1
g1/2

2a
Ci jlk @g lmgkn2g lr gkrgsmgsn~gpqgpq!21#hmn,0

TT ,

~25!

whereCi jlk is the inverse matrix of the matrix

Ci jlk
21 [

1

2
@d i l d jk1d ikd j l

2~g i j 2g ing jngmm~gpqgpq!21!hlk
TT#. ~26!

Notice that the matrixCi jlk
21 deviates from the unit matrix in

the quadratic order ofhlk
TT only. For the maximal slicing con-
1-3
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dition 05g i j Ki j 5pg21/2/2, the resultingCi jlk
21 would be a

unit matrix when applied to symmetric tensors.
The internal consistency of the proposed approach co

from the fact that only the evolution equations for the tr
field degrees of freedom are affected. This implies, in
evolution equations for the TT variables,

pTT,0
i j 52

16pG

c4

dH

dhi j
TT

, ~27a!

hi j ,0
TT 5

c4

16pG

dH

dpTT
i j

, ~27b!

if the first equation is solved forhi j
TT using Eq.~18!, then the

second equation can be solved forpTT
i j in terms of ḣi j

TT , as

given by Eq.~25!. However, puttingḣi j
TT50 in Eq. ~27b!

means destroying the Legendre transformation, which
fundamental property of the physical theory, whereas set
ṗTT

i j 50 in Eq. ~27a! implies a dynamical condition for the
extremum~minimum! of energy. Imposinghi j

TT50, instead
of solving for it, results in the well-known Wilson-Mathew
approach, ifpTT

i j is determined through Eq.~22!. We also
note that a recent effort, the so-called CFC1approach, which
tries to improve conformal-flat approximations uses E
~18! and~25!, restricted to the leading post-Newtonian ord
to gethi j

TT andpTT
i j @12#. This approach is identical with th

full Einstein theory through the second post-Newtonian
der.

In general, the Hamiltonian for the matter system is
Routh functional depending on the matter variables o
@7,11#,
l
ti-
te
h-
d

t
s,

02150
es

e

a
g

.
,

-

e
y

R@VM ,hi j
TT~VM !,hi j ,0

TT ~VM !#5H2
c3

16pGE d3xpTT
i j hi j ,0

TT .

~28!

In the stationary case,R and H coincide. For our quasista
tionary approximation, we also shall takeR as the Hamil-
tonian. It agrees with the nondissipative part of the Einste
ian one through third post-Newtonian order as, e.g., given
Ref. @7#.

Finally, we point out thatḣi j
TT is theonly partial time de-

rivative appearing in the coupled elliptic equations, pres
in the minimal no-radiation approximation. While employin
any iterative procedure to solve our coupled elliptic equ
tions, it should be natural to equate the~in general! small
quantity ḣi j

TT to zero to obtain the first order solution tohi j
TT

and the rest of the variables involved. During the seco
stage of iteration, one should then employḣi j

TT , computed
using the first orderhi j

TT , to get the second order solution t
hi j

TT and other quantities. In this manner, the iterative pro
dure may be extended to higher stages. The above proce
was employed, in the post-Newtonian framework, first
computehi j

TT to the second post-Newtonian order, which w
employed to computeḣi j

TT , required at the third post
Newtonian order calculations@7#.

This communication will be followed by a detailed artic
@13#, where the explicit expressions, in terms of the ba
variables and their spatial derivatives, for the elliptic equ
tions for c,a,b i , andhi j

TT as well as forp i and Vi will be
presented.
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